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Propagation of an arbitrary vortex pair through an astigmatic
optical system and determination of its net topological charge
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We embed a pair of vortices with different topological charges in a Gaussian beam and study its evolution
through an astigmatic optical system, a tilted lens. The propagation dynamics is explained by a closed-form
analytical expression. Furthermore, we show that a careful examination of the intensity distribution at a
predicted position past the lens can provide us with the net charge present in the beam. To the best of our
knowledge, our method is the first non-interferometric technique to measure the net charge of an arbitrary
vortex pair. Our theoretical results are well supported by experimental observations.
OCIS codes: 050:0050, 050.4865.
1. Introduction
Optical vortices have drawn considerable attention in
science and engineering due to their dark core and he-
lical wave front. An optical vortex of order l centered
at the origin (r = 0) has a field distribution of the form
E(r) exp(ilφ). The distribution is such that the field in-
tensity tends to zero as r → 0 whereas the phase shift
in one cycle around the origin is 2lπ where l is an inte-
ger. The azimuthal mode index l, also called topological
charge of the vortex, has a physical meaning in that
the vortex carries an orbital angular momentum (OAM)
of l~ per photon [1]. This angular momentum can be
imparted to microscopic particles in order to manipu-
late them optically [2–4]. In recent years, the OAM of
light has also found applications in classical [5] as well
as quantum communication [6, 7]. These applications
have led to considerable interest in the generation and
study of optical vortices both in free space [8–10] and in
guided media [11, 12].
The propagation of a pair of vortices has gained a
lot of interest in research since the last decade [13–18].
Indebetouw studied the propagation of an array of vor-
tices through free space and showed that the relative
separation between the vortices is invariant during the
propagation in the case of same type (sign) of charges
whereas they will attract and annihilate each other in
the case of oppositely charged vortices [13]. Chen and
Roux have studied the annihilation of dipole vortices
during their propagation. They found that the back-
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ground phase function at a point where two dipoles anni-
hilate, have a continuous potential which causes the an-
nihilation. They have used the same background phase
function to accelerate the annihilation process [16]. Re-
cently, the tight focusing properties of a pair of vortices
have been investigated theoretically [17, 18]. However,
it dealt only with isopolar and dipole vortices of first
order. Here, we present a theoretical analysis of prop-
agation of an arbitrary vortex pair passing through an
astigmatic optical system and verify the results with ex-
periments. We suggest that the vortices being generic
to all the waves [19], the present study can be useful to
acoustic [20] and matter waves [21] also.
Since the topological charge of a vortex determines
its OAM, an accurate measurement of the topological
charge is an essential and important task. There are a
number of methods to determine the charge of an optical
vortex and its sign [22–29]. For a multi-singular beam,
however, there is no method to measure the net charge
which determines the torque imparted by the field. We
show that the intensity distribution of a multi-singular
beam at a predicted position beyond a tilted lens can
provide information about the net charge present in it.
2. Theory
Consider a pair of optical vortices embedded in a Gaus-
sian beam, one with topological charge ǫ1m (ǫ1 = ±1)
located at x1 = −x0, y1 = 0 and another with topo-
logical charge ǫ2n (ǫ2 = ±1) at x1 = x0, y1 = 0. The
complex field distribution of the vortex pair at the waist
plane of the host Gaussian beam, with waist size w0, is
given by
E1(x1, y1) = (x1 + x0+iǫ1y1)
m(x1 − x0 + iǫ2y1)n
× exp
[
−
(
x21 + y
2
1
w20
)]
.
(1)
2The tilted lens is placed at a distance z0 from the waist
plane. The vortex passes through the lens and travels a
further distance z. The overall ray transfer matrix Mtot
is given by [29]
Mtot =
(
A B
−C/f D
)
(2)
where A, B, C and D are 2× 2 diagonal matrices with
diagonal elements given by aj , bj, cj and dj respectively.
Explicitly,
c1 = sec θ, c2 = cos θ, aj = 1− zcj/f,
dj = 1− z0cj/f, bj = z0 + zdj , j = 1, 2. (3)
Next, we define two column vectors r1, r2 so that
their transposes are given by row vectors ri
T =
(xi, yi), i = 1, 2. The field E2(x2, y2) at a distance z past
the lens is given by the generalized Huygens-Fresnel in-
tegral [30]:
E2(x2, y2) =
i/λ
|B|1/2
∫∫
dx1 dy1E1(x1, y1)e
−(ipi/λ)φ(r1,r2)
(4)
where |B| = |b1b2| is the determinant of B and
φ(r1, r2) = r1
T
B
−1
Ar1 + r2
T
DB
−1
Ar2 − 2r1TB−1r2
= x21a1/b1 + y
2
1a2/b2 + x
2
2d1/b1 + y
2
2d2/b2
− 2(x1x2/b1 + y1y2/b2). (5)
The integration over x1 and y1 are carried out by writ-
ing E1(x1, y1) as
E1(x1, y1) = lim
t→0
t′→0
[
∂m
∂tm
∂n
∂t′n
exp {f (t, t′)}
]
, (6a)
f(t, t′) = t(x1 + x0 + iǫ1y1) + t
′(x1 − x0 + iǫ2y1)
− x
2
1 + y
2
1
w20
. (6b)
Using the definition of Hermite polynomial and a recur-
rence relation
Hn(x) =
∂n
∂tn
exp(2xt− t2)|t=0 (7a)
dj
dxj
Hn(x) =
2jn!
(n− j)!Hn−j(x) (7b)
we finally get
E2(x2, y2) =
kw1w2(i/2)
m+n+1γm+n
(b1b2)1/2
× exp [− (β1x22 + β2y22)]Fm,n(x2, y2),
(8a)
Fm,n(x2, y2) =
min(m,n)∑
j=0
(
m
j
)(
n
j
)
∆jj!
Hm−j [f1(x2, y2)]Hn−j [f2(x2, y2)]
(8b)
where, k = 2π/λ,
1
w2j
=
1
w20
+ i
kaj
2bj
, (9a)
γ = (w21 − w22)1/2, (9b)
∆ = −2(w21 − w22ǫ1ǫ2)/γ2, (9c)
αj =
kw2j
2bj
, (9d)
βj =
(
kwj
2bj
)2
+ i
kdj
2bj
, (9e)
and [
f1(x2, y2)
f2(x2, y2)
]
=
1
γ
[
α1x2 + i(ǫ1α2y2 − x0)
α1x2 + i(ǫ2α2y2 + x0)
]
=
1
γ
[
φ1(x2, y2)
φ2(x2, y2)
]
(10)
Eqs. (8-10) form one of our main results. It general-
izes previous work [18] on the propagation dynamics of
a vortex pair through an astigmatic system in that the
topological charges m and n need not be the same and
can have arbitrary integer values.
Before proceeding further, we note that the above gen-
eral result includes the following special cases: (1) For
m = n, we get the propagation dynamics of (a) an isopo-
lar vortex pair if ǫ1ǫ2 = 1 and (b) a vortex dipole if
ǫ1ǫ2 = −1; (2) For n = 0, the j-sum reduces to the
j = 0 term only, and we get the propagation dynamics
for an off-center single vortex given by
E2(x2, y2) =
kw1w2(i/2)
m+1
(b1b2)1/2
exp
[− (β1x22 + β2y22)]
× γmHm[(α1x2 + iǫ1α2y2 − ix0)/γ].(11)
(3) Setting x0 = 0 in the above result, one immediately
recovers our previous result [29] for a single vortex at
the origin.
The sum Fm,n can be evaluated formally as follows.
We introduce the 2-variable Hermite-Kampe´ de Fe´riet
polynomials Hn(x, y) as [31]
Hn(x, y) = n!
[n/2]∑
r=0
xn−2ryr
(n− 2r)!r! (12)
in terms of which the classical Hermite polynomials
Hn(x) are given by
Hn(x) = Hn(2x,−1). (13)
Next, we consider the 4-variable 2-index 1-parameter
Hermite polynomials Hm,n(x, z; y, w|τ) defined as [31,
32]
Hm,n(x, z; y, w|τ) =
min(m,n)∑
s=0
τss!
(
m
s
)(
n
s
)
Hm−s(x, z)Hn−s(y, w).
(14)
3It is then easy to show that
Fm,n = Hm,n(2f1,−1; 2f2,−1|∆) (15)
which has the following generating function
exp[− (u2 + v2) + 2(f1u+ f2v) + ∆uv]
=
∞∑
m,n=0
umvn
m!n!
Hm,n(2f1,−1; 2f2,−1|∆) (16)
2.A. Determination of net topological charge
As noted earlier [29], the modulations due to the Her-
mite polynomial become most prominent when w2 = w
∗
1 .
This happens at a certain value z = zc. To determine
zc and also the distance z0 between the waist plane and
the lens, we impose the following conditions:
ka1
2b1
|z=zc = −
ka2
2b2
|z=zc =
1
w20
(17)
Solving Eqs. (17) and introducing the Rayleigh range
zR = kw
2
0/2, we get
z0 = zR
(
1 +
2f cos θ
zR sin
2 θ
)1/2
zc =
zR(1 + cos
2 θ) + z0 sin
2 θ
2(zR/f) cos θ − sin2 θ
(18)
The first equality in Eqs. (17) ensures that w2 = w
∗
1
at z = zc (see Eq. 9a) whereas the last equality makes
many expressions appearing in Eqs. (8-10) considerably
simpler at z = zc. Thus, at z = zc,
∆ =
{ −2 if ǫ1ǫ2 = 1,
−2i if ǫ1ǫ2 = −1;(
w21
w22
)
=
w20√
2
(
exp(−iπ/4)
exp(iπ/4)
)
;
γ = w0 exp(−iπ/4);
f1 = δ1x2 − ǫ1δ2y2 + (x0/w0) exp(−iπ/4)
f2 = δ1x2 − ǫ2δ2y2 − (x0/w0) exp(−iπ/4) (19)
where
δj =
kw0
2
√
2bi
(20)
2.A.1. Vortices with topological charges of the same
sign
Suppose ǫ1 = ǫ2 = 1. Then, f1 = θ− + θ0 and f2 =
θ− − θ0 where,
θ− = δ1x2 − δ2y2
θ0 = (x0/w0) exp(−iπ/4). (21)
Note that the dependence on x2 and y2 is in the form
θ− only.
For a small separation between the vortices, one can
expand the Hermite polynomials appearing in Eq.(8) as
functions of x0/w0 by using the formula
Hn(x+ y) = Hn(x) + 2nyHn−1(x) +O(y
2). (22)
Substituting in (8) and using the summation rule [33]
min(m,n)∑
r=0
(−2)rr!
(
m
r
)(
n
r
)
Hm−r(x)Hn−r(x) = Hm+n(x),
(23)
we get
Fm,n = Hm+n(θ−) + 2θ0(m− n)Hm+n−1(θ−) +O(θ20).
(24)
For ǫ1 = ǫ2 = −1, θ− will change to θ+ = δ1x2 + δ2y2 in
the above expressions.
2.A.2. Vortices with topological charges of opposite
signs
Suppose ǫ1 = 1, ǫ2 = −1. In this case,
f1 = θ− + θ0
f2 = θ+ − θ0. (25)
Note that in this case, the dependence on x2 and y2 is
in the form θ± = δ1x2 ± δ2y2.
For a small separation between the vortices, we can
proceed as in the previous section, to get
Fm,n = Hm,n(2θ−,−1; 2θ+,−1| − 2i)
+ 2θ0Hm−1,n(2θ−,−1; 2θ+,−1| − 2i)
− 2θ0Hm,n−1(2θ−,−1; 2θ+,−1| − 2i)
+O(θ20). (26)
2.B. Propagation dynamics away from z = zc
As |z − zc| increases, the absolute value of |γ| falls off
rapidly and the modulations due to the Hermite poly-
nomials fade away quickly. Using the limiting form
limγ→0Hm(x/γ) = (2x/γ)
m, we can write E2(x2, y2) in
terms of incomplete two-variable Hermite polynomials
hm,n(x, y|τ), which are defined as [31, 34]
hm,n(x, y|τ) = m!n!
min(m,n)∑
j=0
τ jxm−jyn−j
j!(m− j)!(n− j)!
=
{
m!τmxn−mL
(n−m)
m (−xy/τ), n > m,
n!τnym−nL
(m−n)
n (−xy/τ), m > n.
(27)
Thus E2(x2, y2) reduces to
E2(x2, y2) =
kw1w2i
m+n+1
2(b1b2)1/2
exp
[− (β1x22 + β2y22)]
×
{
m!τmφn−m1 L
(n−m)
m (−φ1φ2/τ), n > m,
n!τnφm−n2 L
(m−n)
n (−φ1φ2/τ), m > n.
(28)
where φj are as in Eq. (10) and τ = −(w21 − w22ǫ1ǫ2)/2.
In what follows, we will experimentally demonstrate the
validity of our theoretical results.
43. Experiment
The experimental set up is shown in Fig. 1. Suitable
phase masks for creating vortex pairs are produced by
using computer generated holography (CGH) technique
[10] and sent to a spatial light modulator (SLM) via
a computer. The SLM is illuminated by an intensity
stabilized He-Ne laser (Spectra-Physics, Model 117A) of
power 1 mW and wavelength 632.8 nm to produce the
desired vortex pair. The vortex pair is selected with an
aperture (A) and passed through a spherical bi-convex
lens of focal length 50 cm which is tilted by an angle
6◦. The tilting of the lens has been done with a rota-
tional stage with least count of 0.1◦. The aperture is
at a distance z1 = 90 cm in front of the SLM. We use
the method described in [35], to find that the Gaussian
laser beam hosting the selected vortex pair has a beam
waist 0.186 mm at a virtual point which is at a distance
of z2 = 60.8 cm behind the SLM. The distance between
the lens and the aperture is z3 = 245 cm. Thus the total
distance traveled by the vortex pair from the waist plane
to the lens is z0 = z1 + z2 + z3 = 395.8 cm. The resul-
tant intensity patterns are recorded by a CCD camera
(MediaCybernetics, Evolution VF cooled Color Camera)
placed at a distance z past the lens.
 =632.8nm
P=1mW
He-Ne Laser M
BS
SLM
M      – Mirror
BS     – Beam Splitter
SLM  – Spatial light modulator
A       – Aperture
Lens
CCD 
camera
A
Fig. 1. (Colour online) Experimental setup for the determi-
nation of the net charge of an arbitrary vortex pair embedded
in a Gaussian beam
4. Intensity pattern at z = zc and determination of
net topological charge
In this section, we determine the net topological charge
of the vortex pair from its intensity distribution at z =
zc. The predicted value of zc from Eq. (18) is 57.2 cm
which is close to the experimentally observed value of
56.3 cm. In the intensity patterns, with reference to Eq.
(??), the vortex on the left (x1 = −x0) has a charge ǫ1m
and the vortex on the right (x1 = x0) has a charge ǫ2n.
The corresponding figure is labelled as (ǫ1m, ǫ2n).
Fig. 2. The theoretical (first two rows) and experimental
(last two rows) results for the intensity patterns of a vortex
pair with topological charges of the same sign, at z = zc for
x0 = 0.1w0.
4.A. Vortices with topological charges of the same
sign
Fig. 2 shows the theoretical (first two rows) and experi-
mental (last two rows) images for the intensity patterns
of a pair of vortices with the same sign (ǫ1 = ǫ2 = 1)
but different magnitudes m and n with the separation
parameter set at x0 = 0.1w0.
For small separation x0, these patterns can be ex-
plained by Eq. (24). Since the first term in (24) is
the leading term, one can obtain the net charge m + n
by noting that there are m+ n+ 1 bright stripes in the
intensity distribution. These stripes are parallel to one
another and lie along a line that is neither horizontal nor
vertical, but tilted in a clockwise direction almost along
a diagonal as the dependence on x and y is through a
single variable θ− = δ1x2 − δ2y2 and δ1 ∼ δ2. However,
interference with the second term will lead to a slightly
asymmetric distribution of brightness among the stripes.
As is clear from the second term in (24), this asymme-
try depends on the difference between the magnitude of
charges and the separation between them. Additionally,
5when the vortices swap their positions as in (4,1) and
(1,4), the lower half of the pattern becomes the mirror
image of the upper half and vice-versa. For m = n as in
(4,4), the two halves have identical intensity patterns. If
the charge of each vortex were negative (ǫ1 = ǫ2 = −1),
then θ− would be replaced by θ+ = δ1x2 + δ2y2 and
the bright stripes would be tilted in an anti-clockwise
fashion (not shown).
Fig. 3. The theoretical (first two rows) and experimental
(last two rows) results for the intensity patterns of an off-
axis vortex of charge 2, at z = zc for different values of x0 as
labelled in the figures.
To investigate the effect of the separation parameter
x0, we have also studied the propagation of an off-axis
vortex of charge 2 through the tilted lens. The corre-
sponding theoretical (first two rows) and experimental
(last two rows) results for the intensity patterns at z = zc
are shown in Fig. 3. From the images, it is clear that the
intensity of one of the outer lobes increases as the vortex
moves farther away from the center and the remaining
lobes lose their intensity. In the notation of this section,
this off-axis vortex can be labeled as (2,0) for x0 = |x0|.
Consequently, when x0 becomes negative, the vortex is
identically described as (0,2) with x0 = |x0| and the
pattern flips diagonally. The situation is analogous to
the case of (4,1) and (1,4) as described in the previous
paragraph
4.B. Vortices with topological charges of opposite
signs
Fig. 4 shows the theoretical (first two rows) and exper-
imental (last two rows) images corresponding to oppo-
site singularities (ǫ1ǫ2 = −1) for separation parameter
x0 = 0.1w0 and topological charges as shown in the im-
ages.
Fig. 4. The theoretical (first two rows) and experimental
(last two rows) results for the intensity patterns of a vortex
pair with topological charges of opposite signs, at z = zc for
x0 = 0.1w0.
For small values of m and n, these patterns can be ex-
plained by expanding the Hermite polynomials in power
series. The calculation would be long and tedious. In-
stead, we make the following empirical observation. If
m 6= n, the pattern has a rectangular ‘razor-blade’ struc-
ture which is tilted clockwise (anti-clockwise) if the net
charge is positive (negative). On closer observation, we
note that there are m bright spots on two parallel sides
and n bright spots on the remaining two parallel sides.
Thus, for vortex dipoles (m = n) the patten is square
with its corners in the east, west, north and south direc-
tions, each side having m = n bright spots.
As far as we know, Fig. 4 represents the first optical
realization of the 4-variable 2-index 1-parameter Hermite
polynomials Hm,n(x, z; y, w|τ) modulated by an ellipti-
cal Gaussian beam (see Eqs. 8, 15 and 26).
In Fig. 5, we show the evolution of a dipole vortex
of charge (2,−2) as a function of separation between
6Fig. 5. The theoretical (top row) and experimental (bottom
row) results for the intensity patterns of a dipole vortex of
charge (2,−2), at z = zc for different values of x0 as labelled
in the figures.
the two vortices. For small separation, the intensity
distribution is symmetric in both the transverse direc-
tions. As the separation is increased, the pattern be-
comes asymmetric. When the separation parameter x0
becomes negative, the vortex is identically described as
(−2, 2) with x0 = |x0| and the pattern flips vertically.
Fig. 6. Theoretical intensity patterns of a vortex pair of
different charges (as given on the top) at various values of
the propagation distance z ( as given on the left).
5. Propagation dynamics away from z = zc
As we move away from the point z = zc, the modula-
tions due to the Hermite polynomials disappear quickly.
The propagation dynamics is now governed by Eq. (28).
The theoretical and corresponding experimental inten-
sity patterns for various values of z are shown in Figs.
6 and 7 respectively. The intensity patterns are, in gen-
eral, elliptical. Far away from zc, all patterns become
circularly symmetric as α1 → α2 and β1 → β2 [29].
Fig. 7. The experimental images corresponding to Fig. 6.
6. Conclusions
We have studied the propagation of a bi-singular beam
with arbitrary topological charges through a tilted lens
and used it to find the net topological charge of the
beam. This may provide information about the net
torque generated by the optical field. This method can
be realized easily in the laboratory as it needs just a sin-
gle tilted lens. Vortices being generic to all the waves,
this study may be useful for other systems like acoustic
and matter waves.
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